Abstract: Systematic approaches to making decisions in the public sector are becoming very common. Most often, these approaches concern expert decision models. The expansion of the idea of the development of e-participation and e-democracy was influenced by the development of technology. All stakeholders are supposed to participate in decision making, so this brings a new feature to the decision-making process, in which amateurs and non-specialists are participating decision making instead of experts. To be able to understand the needs and wishes of stakeholders, it is not enough to vote for alternatives -it is important to participate in solution-finding and to express opinions about the important elements of these matters. The solution presented in this paper concerns fuzzy decision-making framework. This framework combines the advantages of the introduction of the decision-making problem in a tree structure and the possibilities offered by the flexibility of the fuzzy approach. The possibilities of implementation of the framework in practice are introduced by case studies of investment projects appraisal in a community and assessment of efficiency and effectiveness of public institutions.
INTRODUCTION
The making decisions in the public sector is a common subject of research; however, using systematic approaches is not common when making decisions. The public sector is supposed to act in public interest and consider the interests of all
DECISION MAKING IN THE PUBLIC SECTOR
In the application of a systematic approach when making decisions in the public sector it is important to consider the following points. Any negligence with respect to these points could possibly cause difficulties to the systematic approach to making decisions in the public sector [9] :
-a complex and less-transparent stakeholder network, -many diverse interests, -multiple problem perceptions and multiple preferences, -a large set of appraisal criteria, -aggregation of many and often divergent interests of society into such notions as "general welfare", which only masks the conflict. The systematic approach to the decision-making process is based on systems for decision-making support that include methods, models and tools, and offer help with the quality of decision making. An approach such as this must suppress the causes for the slow application of this type of solution and must enable:
-the integration of numerous stakeholders and group formation, -insight into multiple problem perceptions and multiple preferences and coordination, -the handling of large sets of appraisal criteria, -a simple and understandable introduction to the decision-making problem and the decisions, -analysis of differences in preferences and the realisation of an opinionreconciliation process and a stakeholder concordance search. The use of decision making systems in the public sector is widely represented in the literature. The examples mainly refer to experts' work in the field. They refer to many different fields: medicine [2] , [13] , regional planning and ecology [8] , [11] , education [10] . Our statement is confirmed by a study of publications relating to applied analysis of decision making from the scientific literature, where we find most of the examples from the public sector related to making decisions in professional circles [17] .
The decision-making development in the public sector needs to find an environment that will expand the systematic approach to decision-making from limited areas of expertise to all fields of decision-making in the public sector. The solution for an improved approach to making decisions is a decision making framework, based on aforementioned guidance, which includes:
-the use of a decision tree for the introduction of the decision-making problem, -the use of fuzzy sets and fuzzy logic theories, -the merging of tree-structure values (aggregation of forests), -the definition and use of variability measure. The choice of the decision trees does not need justification, due to its frequent use in solving problems of this type. In any case, the principal advantages of tree-based methods are [26] :
-clarity and conciseness, -context sensitivity, -flexibility.
The use of a fuzzy approach makes possible the modelling of cognitive uncertainties, defined as the vagueness or fuzziness and the ambiguity or non-specific nature of a possibility distribution. This modelling is an approximation of the human mind and its way of thinking.
The fuzzy approach is defined by the appraisal technique and the presentation of results, where the use of linguistic variables for making decisions is of great importance. Appraisal by descriptive values demands significantly less mental effort. This type of appraisal is easier and more precise. The same can be said for the presentation of the results. Metaxiotis exposed the expectations regarding the use of fuzzy logic for decision making [20] : -Fuzzy logic users will feel more confident when dealing with the vagueness and fuzziness of real data than non-users. -Fuzzy logic users will be more satisfied with the final results of the decision than non-users. -Fuzzy logic users will consider a wider range of alternatives than non-users. Section 2 presented general discussions on decision-making with the emphasis on the public sector and provided the motivation for the choice of including the fuzzy logic in our solution. In the next section, we discuss the types of decision trees in general and their combination with fuzzy logic.
DECISION TREES
The main idea of an oriented graph starting from a particular point (root) that diverges into a connected structure of nodes and ends in leaves is to use the graph for different purposes with numerous different approaches. In general, decision trees can be used for one of the following purposes: -as a classification, i.e. scenario, where decisions in the root and in the nodes lead to many outcomes, i.e. the leaves of the decision tree; -as a structure for evaluating alternatives, where the appraisal of the leaves with an aggregation from the nodes to the root results in an appraisal; -as a comparative structure for finding differences or changes in the state of the structure. The use of the classification trees to classify subjects into groups is very common. As an example, the prediction of predetermined vegetation types from environmental properties [8] , and maternity risk grouping [13] . Classification trees for diagnosis are often used in medicine and other fields when making decisions about diagnoses, the knowledge search in design for outsourcing [6] , and decision making in medicine [24] .
The trees are used in many fields of human activity as applications of qualitative multi-attribute decision models in healthcare [2] , finance [5] , software development [6] , personnel selection [16] , recreation and tourism [25] , software selection [27] and electrical and electronic equipment treatment system [31] .
Approximate tree matching has applications in genetic sequence comparison, scene analysis, error recovery and correction in programming languages, and cluster analysis [28] .
The fuzzy decision tree combines the theory of the decision tree and the theory of fuzzy sets and fuzzy logic. In this way the decision trees can be used for modelling vagueness and ambiguity. Often the decision trees are not mentioned explicitly when making decisions with a fuzzy approach, but inferential algorithms of fuzzy decision systems are correct tree structure [20] . On the other hand, there are hierarchical multiattribute decision models for decision-problem solutions using tree structures and descriptive appraisal attributes [2] without mentioning fuzzy theory.
All types of decision trees can be made fuzzy, so that in compliance with the paragraph of decision trees introduced at the beginning of the section, the following can be discussed: fuzzy classification trees, fuzzy appraisal trees and fuzzy comparative trees.
With fuzzy classification it is common that special attention is assigned to inductive learning, fuzzy-decision-tree formation with the help of examples (learning data). The problem with the induction of classification decision trees is not a subject of discussion in this work; therefore, the problem is only illustrated with a list of a few sources of information [23] , [32] , [33] . Among those previously mentioned in this section, examples of the use of classification-decision trees, fuzzy classification trees address only the following [7] , [24] , [19] . There are multiple similar examples, including solutions not related to decision trees [20] .
Examples that would combine explicitly discussed decision trees and the use of fuzzy logic, hierarchical multi-criteria or multi-attribute models were reworded by some authors with a fuzzy approach, e.g. [5] , [6] ; and by others with a descriptive appraisal and aggregation with some logic rules without mentioning fuzzy logic theory, e.g. [2] , [16] , [25] , [27] , [31] .
A fuzzy comparison of decision structures is not very common. Among the examples previously mentioned at the beginning of the section, this kind of approach is used for the analysis of the state of a military formation at the time of combat [29] .
If we take a closer look at the examples of appraisal trees and fuzzy appraisal trees, we can extract following main approaches:
non-fuzzy approaches: -hierarchical decision model with if-then decision or aggregating rules, nominal variables, expert-oriented [2] , [10] , [16] , [31] , -outranking method using the impact Matrix, ordinal variables, expertoriented, [25] , -hierarchical appraisal tree, numeric variables, expert-oriented [27] , fuzzy approaches: -fuzzy classification tree, fuzzy variables [5] , -fuzzy appraisal, aggregation of fuzzy intervals, fuzzy variables [6] , [14] , [15] , [18] . All examples are more or less expert-oriented and do not consider non-expert use of the solution. With the exception of the outranking method, the use of all other approaches is restricted to a single type of variables. The solutions based on if-then aggregating rules have two main restrictions. First, the definition of aggregating rules takes up a lot of time, and second, due to the exponential growth of the number of aggregating rules, the number of attributes and the cardinality of the domain of variables have to be very moderate. The last approach mentioned above considers fuzzy appraisal with the aggregation of fuzzy variables, but does not consider real variables. The fuzzy appraisal tree is not explicitly defined, and the results are given as real numbers.
The list of literature on decision-making in the public sector ( [2] , [10] , [14] , [15] , [18] ) is not as extensive as for the private sector; however, researchers use very similar approaches to those used for the private sector. We have found some solutions for the public sector using the hierarchical fuzzy appraisal model with fuzzy variables [14] , [15] , [18] ; however, no explicit definition of the fuzzy appraisal framework or fuzzy appraisal tree is provided nor are different types of variables used. In general, papers offer solutions for a specific expert decision-making problem.
In order to achieve the main objective of the research, a comprehensive solution for the non-expert appraisal of variants is to be built. It has to overcome the restrictions of available solutions and offer tools and guidelines for the appraisal support to nonexpert appraisers. For this reason, as is described in Section 5, we combined different methods into a comprehensive model, ie. the fuzzy appraisal framework. It consists of the definition of the fuzzy appraisal tree and methods for fuzzy aggregation, as well as some other methods required.
The following section which includes the required theory of fuzzy sets and fuzzy logic is the preparation stage for the introduction of the decision-making framework.
FUZZY SETS AND FUZZY LOGIC
Fuzzy logic and approximate reasoning are parts of the framework with the definition of the linguistic variable. The review of fuzzy methods is completed with an introduction to the transformations between crisp and fuzzy and linguistic and fuzzy variables (fuzzyfication, defuzzyfication, linguistic variable to fuzzy number mapping and approximation).
The concept of a characteristic function of a (Cantorian or crisp) set was generalised by L. A. Zadeh [35] by replacing, in the co-domain, the two-element set {0,1} by the unit interval [0,1]. Logically speaking, this is supposed to work in logic with a continuum of truth values (fuzzy logic) rather than in classical Boolean logic with two values, true and false, only. Definition 1: Fuzzy set [35] Given a (crisp) universe of discourse X , the fuzzy set A (more precisely, the fuzzy subset A 
Definition 3: Trapezoidal fuzzy number A trapezoidal fuzzy number is expressed as ( , , , )
A a b α β = and defined by the linear membership function:
A triangular fuzzy number is a degenerated trapezoidal fuzzy number ( ) a b = .
For this reason, from this point the term fuzzy number will be used for fuzzy interval (trapezoidal fuzzy number), as well as for fuzzy number (triangular fuzzy number). As a short break, have a look at a graph of a fuzzy number (more precisely, a fuzzy interval or trapezoidal fuzzy number): Zadeh introduced mapping between linguistic variables and fuzzy sets by the definition of a linguistic variable. Definition 4: Linguistic variable [36] A linguistic variable is defined by a quintuple ( , ( ), , , )
which κ is the name of the variable; ( ) T κ (or simply T ) is the term set of κ , that is, the set of names for linguistic values κ , with each value being a fuzzy variable denoted generically by X and ranging over a universe of discourse U which is associated with the base variable u ; G is a syntactic rule (which usually has the form of grammar) for generating names X of values of κ ; and M is a semantic rule for associating each X with its meaning ( ) M X , which is a fuzzy subset of U . A particular X , that is, a name generated by G is called a term. A term consisting of a word or words which function as a unit (i.e. always occur together) is called an atomic term. A concatenation of components of a composite term is a sub-term.
An example of a term set is:
T={Reject, Lowest, Very Low, Low, Middle, High, Very High, Highest, Must Be}
The modelling of linguistic variables with trapezoidal fuzzy numbers was proposed by Bonissone and Decker [3] . A choice of the cardinality of the term set depends on the characteristics of the problem in this case, and the same is true for the membership functions of the corresponding fuzzy numbers. Any kind of term set can be considered without any major changes, and in that respect the framework is flexible.
A metric of the fuzzy sets is required as a definition of all the mappings between crisp values (real numbers), fuzzy numbers and linguistic values (Definition 5). The Tran-Duckstein distance takes into account the fuzziness of the fuzzy sets and is confirmed in practice in an environmental-vulnerability assessment [30] . We have, therefore, decided to choose it for our framework. For trapezoidal fuzzy numbers the general definition is simplified as: Definition 5: Tran-Duckstein distance for trapezoidal fuzzy numbers ( ( ) ) 
The proposed framework introduces parallel use of three types of variables, the real number (crisp value), the fuzzy number and the linguistic variable. 
The fuzzy number A is approximated to a linguistic value approx L so that the closest fuzzy number L , representative of the nearest linguistic value, is found:
For higher granularity of the end results we introduced the approximation deviation. This is defined as the relative number of the difference in distance of the approximated fuzzy number and the fuzzy number image of the linguistic approximation and the difference between two adjacent linguistic values [1] :
The approximation with the deviation is then labelled as:
,
At this point, we are well equipped with all that is needed to define the proposed model. We know that in order to perform the appraisal, an appraisal tree should be constructed and that in the public sector it is very suitable to perform an appraisal with the help of fuzzy variables and fuzzy aggregation. Therefore, in a comprehensive definition of the fuzzy appraisal framework and within it, the definition of the fuzzy appraisal tree is presented in Section 5.
FUZZY APPRAISAL FRAMEWORK
The suggested appraisal framework resulted from the problem when solving the group multi-attribute decision making in the public sector. An investigation of the problem and the development of the solution lead to a general appraisal framework combining the advantages of the introduction of a tree structure and the use of a fuzzy approach for the appraisal of attributes or indicators, as well as a comparison of the criteria and perspectives.
The entire fuzzy appraisal framework includes the definition of the fuzzy appraisal tree, averaging operators for the calculation of the average value of forests (groups of trees, with respect to groups of evaluators, groups of alternatives, organisation units of the same kind, etc.), methods for tree comparison, and tree classification (regarding the root, regarding the individual nodes, regarding the structure, etc.), methods for the analysis of tree variability (regarding the root, regarding the individual nodes, regarding the structure, etc.) and methods for tree optimisation (efficiency, information, entropy, etc.).
Definition 7: Fuzzy appraisal framework Fuzzy appraisal frame constitute a forest with fuzzy appraisal trees over which the following is defined: -fuzzy appraisal trees (Definition 8),
-averaging operators
the calculation of average tree values in chosen sub-forests (Definition 9), -methods for fuzzy tree comparison and fuzzy tree classification, -variability measures (Definition 10), and -methods for fuzzy tree optimisation.
With a given framework, it is possible to use three types of variables -real, fuzzy and linguistic, the values of which represent an equivalent appraisal of an attribute, criteria, indicator or perspective represented by the nodes.
Ingoing values (in the leaves) and calculated values (in the nodes) are recalculated from the ingoing type into the other two -real number, fuzzy number, linguistic variable (Figure 2 ). All the necessary transformations (Definition 6) are defined in each node and proceed during the recalculations. The values in the inner nodes are filled from the aggregation functions over fuzzy numbers. The aggregation functions over linguistic values are not considered (simplicity, distinction from existing systems based on system rules). For special cases, the aggregation function is defined over real variables. Ingoing variables for aggregation operators are defined by the connections from the successors. Like the nodes, the connections, which also represent the weights are evaluated with all three types of variables and equipped by transformations to transform one into the other. (Figure 3) consists of: 
consists of a path from the parent to a child and of the weight
W which consists of three variables (2/a) and four transformations between them (2/b).
The structure of the fuzzy vertex V .
For a fuzzy appraisal framework to work, averaging operators to drive aggregation functions and to calculate averages of fuzzy forests are needed. Because of the simplicity principle, we have opted, among the many averaging operators [37] , for generalised operators of the weighted mean of fuzzy numbers expressed by the formula in Definition 9. Definition 9 [37] : Generalised operators of the weighted mean of fuzzy numbers are: 
the set of all estimators, N (cardinality of set D ) is the number of evaluators, ( ) G P D ∈ is an element of a power set of D , and G . G (cardinality of subset G D ⊆ ) is the number of evaluators in the group.

All the proximity measures for a given group (sub-forest) combine the consensus measure (average deviation of the proximity measures in the group):
, ,
The consensus and proximity measures are crisp numbers; therefore, any kind of analysis can be used, from simple ordering to cluster analysis.
Methods for the optimisation of decision trees are well defined for classification trees but not for appraisal trees. These methods require some adjustment. The two main approaches are: analysis of tree efficiency and analysis of information quality or entropy. Because this approach is still being introduced and has not been confirmed for larger amounts of data, consideration of this segment of the frameworks remains one of the most important tasks for future research.
The main idea of the research was to build a model that will be a useful support to systematic decision-making in the public sector. We have to follow the main guidelines for the solution to be useful and widely used in the selected environment. For this reason, we have to prepare a customised solution for every specific case. Thus, after the definition of elements of the fuzzy appraisal framework, we move to the presentation of two specific examples of the application of the appraisal framework.
APPLICATION EXAMPLES
The specific definition of a fuzzy appraisal framework is in general a choice of system elements according to the needs and possibilities of a specific problem. In this chapter the implementation of the fuzzy appraisal framework for two cases is presented. The first one, the optimal selection of community investment projects, was the environment where the idea of the fuzzy appraisal framework was born. The second one is the project Balanced scorecard as an assessment and benchmarking tool in public sector running at Faculty of administration where the first implementation after definition of framework is going on.
Selection of investment projects in a municipality
The case is focused on the question of the optimum choice of investment projects in a local community burdened by various circumstances that could result in the municipality's inopportune investment orientation Error! Reference source not found.. Decision making in municipalities takes place successively with two groups of participants. Professional services assess the investment projects and merge them into investment options according to professional criteria. The proposals are then revised and approved by the mayor and forwarded to the municipal council, which then decides independently and autonomously. The decision makers are confronted with various difficulties resulting from an unsystematic approach. Political decision makers are reluctant to take professional arguments into consideration, while professionals tend to disregard the political circumstances; however, an optimum decision is achieved only if all opinions and comments are dealt with in the decision-making process.
We have therefore been seeking a solution to the issue of making optimal decisions on investments in local government, in the phase of preparing the investments as well as in the phase of initiating their realisation and financing. The solution would have to establish a process that allowe confrontation and coordination of diverse opinions and interests on the professional and political levels, in professional-political, as well as in professional-professional and political-political relations.
Based on the previous discussions, the fuzzy appraisal framework presented in Section 5 represents an appropriate approach to the solution of the given problem. The decision tree contains knowledge on the structure of the values that determine to what extent an individual alternative is suitable for inclusion in the budget. We have determined the structure of the appraisal tree, taking into account the framework of deciding on capital investments in the public sector [12] , legally prescribed definitions and the analysis of the method of decision making in local communities in Slovenia.
The appraisal model for investment projects in local communities was defined according to the needs and possibilities, based on the general definition of the fuzzy appraisal framework (Definition 8) with adaptations as follows:
Definition 11: Fuzzy appraisal model for selection of investment projects in a municipality 1) Fuzzy appraisal model for selection of investment projects in a municipality is a fuzzy appraisal framework (Definition 8). 2) The input values are linguistic variables (among the transformations in Definition 6
point 1 :
3) The fuzzy aggregation operator over the fuzzy variables of children (for internal nodes) 
where G is the set of appraisers.
5) Variability measures are the proximity and consensus measure over the set of appraisers G (Definition 8).
The appraisal tree included three nodes (project contribution, feasibility and risk and cost/benefit appraisal), where the first two nodes each included three leaves and the third node included only two leaves [1] . The model was tested in three Slovenian municipalities. The sets of appraised projects include from seven to nine investment projects. Two types of appraisers were invited, representatives of municipal government and municipal councilors. Due to the reluctance of municipal councilors, the appraisal groups were rather small, comprising from nine to fifteen appraisers. We analysed the results represented with linguistic values and prepared a qualitative representation of results, where we considered the differences between projects and appraisal groups. The proposed solution attracted great interest, since the problem is of everyone's concern . It has been proven that the chosen method of appraisal is suitable for the chosen environments Error! Reference source not found.. An interview was performed after each case study concerning the usefulness and suitability of the suggested approach for decision making in a chosen environment. The results proved the approach to be suitable due to the evaluators having no problems during the appraisal. The content of the appraisal was a bigger problem due to the evaluators not being introduced to it and/or the importance of the project was underestimated, also financially. This is a matter of preparation and organisation of appraisal processes, in which case the fuzzy appraisal framework can contribute to but not solve the problem.
Balanced scorecard as an assessment and benchmarking tool in the public sector
The fuzzy approach can be also effectively used when solving the problem of how to measure the successfulness of organisations with balanced scorecard. The balanced scorecard joins success indicators into four business perspectives -customers, finance, processes and learning and growth. In the profit sector the final result is measured with the financial perspective. It is enabled by the other three perspectives, which indicate successfulness of the organisation in the near future [22] . Organisations in non-profit sector are on the other hand focused on customers, so the main goal is represented by the customer perspective. The results of perspectives come out of indicators, chosen by the organisation according to its strategic goals.
An organisation is tree structured, where leaves are single employees or small departments and nodes combine subordinate units. The result of a unit is given by indicators defined for the unit, where some of them are calculated from equal indicators of subordinate units, and the others carry the results of the unit in question. The indicators of a unit are leaves of the appraisal tree of the unit. The nodes at the first level of the tree represent four perspectives of successfulness. The indicators of such an appraisal tree are defined over different variables which are hard to aggregate into joint value. The situation is the natural environment of the fuzzy appraisal framework which offers somehow simple solutions for quite difficult problems.
As a result of the research studying the problem of the implementation of the Balanced Scorecard into the public sector organisations we introduce the structure of the fuzzy appraisal framework for balanced scorecard as follows:
-each organisational unit is the carrier of indicators, which represent the results of the unit in question and joint indicators of the results of subordinate units, -the indicators which are measuring the same results are by definition equal indicators, -the equal indicators of units at the chosen level are aggregated into the equal indicators of the unit at the upper level of the organisational tree, -the indicators of an organisational unit are linked into the appraisal tree of the unit, at the top of which four perspective nodes are defined, and the root of the tree represents the general appraisal of a unit, -the root of the organisational tree is "the organisation", which links all the indicators defined for the subunits into joint appraisal tree. Definition of the appraisal model for the balanced scorecard is based on the general definition of the fuzzy appraisal framework (Definition 8) with adaptations as follows: The case was realised in an administrative unit of the Slovenian state administration. The unit includes 5 departments with nearly one hundred employees. We defined twenty indicators in four groups (customers, internal processes, learning and growth and finance). We succeeded in building the appraisal tree and testing the calculations. The appraisal model for the balanced scorecard was implemented as a prototype in a web application as the support to the case studies of balanced scorecard in the Slovenian government and local administration. Unfortunately we have not managed to complete the above mentioned case, nor have we succeeded in persuading any other organisations to join the project. The main obstacle is the application, whereas the user interface is sufficiently user-friendly.
CONCLUSIONS
The structure of a fuzzy appraisal framework in the public sector is presented in this paper. The purpose of the framework is to develop solutions with properties adjusted specially for use in the public sector. The methods and approaches that lead to the satisfactory conclusion were systematically combined in the framework. This overcame insufficiencies in the systems for appraisal support that are reported in the scientific and technical literature.
The results of literature review indicated that these types of solutions very often originate from specific problems with expert decision making. This is true with an environment in the public sector environment, and for that reason the cases of numerous stakeholders co-decision making are rare and the problem is less well known. An initiative for increased participation in decision making and the development of edemocracy provide new challenges, including the quest for the solution of decisionmaking problems for a large number of non-specialist stakeholders.
The basic required solution properties suggest a combination of two approaches: the theory of decision trees and the theory of fuzzy sets and fuzzy logic. This led to incorporating the desired properties [26] , [34] :
-clarity and conciseness, context sensitivity, flexibility; -allowing the representation of cognitive uncertainties in decision making, providing more information to the decision maker, using linguistic terms with soft boundaries to accommodate vagueness and ambiguity in human thinking and perception, into a framework. The appraisal framework defines general elements of the system and gives guidelines to form concrete solutions. The approach was realised through its use in practice. Two cases were observed:
-the selection of investment projects in a municipality, -the assessment of the performance of organisations with indicatorsbalanced scorecard. Case studies proved the framework to be a suitable basis for implementing solutions of different decision-making problems in public sector.
However, the accommodation of the framework to the specific environment of the public sector is not a restriction but a generalisation. It incorporates more flexibility in the appraisal, which makes the solution easier to use. The framework gives practitioners and researchers a chance to broaden their research methods and tools, designed to make their appraisal applications better and more user-friendly for all kinds of use, both public and non-public.
However, new research challenges and motivation are perhaps even more important than a contribution to solving the specific problem in practice. The most important research issues for the future are:
-the definition of suitable membership functions of fuzzy sets and fuzzy numbers, -the modelling of linguistic variables with fuzzy sets in accordance with the operators' comprehension and understanding, -the definition of adequate functions and operators over a fuzzy set (aggregating and averaging operators, distances, etc.), -the discussions of data variability defined with fuzzy tree structures, -the methods for fuzzy tree optimisation.
